
AOS 610      GFD I    Fall 2024    Prof. Hitchman             Name __________________________ 
Problem Set #3         Due Tuesday, November 19, 2024 
 
1. (1 pt) Static stability.   
Starting from the definition of potential temperature, it can be shown that  
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where N is the buoyancy frequency and Γ" = 𝑔/𝑐# is the dry adiabatic lapse rate.  Using the 
attached soundings at Singapore and Green Bay, WI, estimate the rate of change of potential 

temperature with height $%
$&

  in K/km and the buoyancy period 𝜏' =	2	𝜋 𝑁⁄  in minutes, where 
𝑁	is the buoyancy frequency (s-1),  for the following regions:   
a) tropical upper troposphere (~ 400 - 100 hPa) in the Maritime Continent region, and  
b) midlatitude lower troposphere (~1000 - 500 hPa) in the warm conveyor belt of the 
“Halloween snowstorm” of 2019. 
 
2. (1 pt) Conservation of absolute vorticity.   
A tropical air mass over the Atlantic near 30°N moves northward conserving absolute vorticity. 
a) If its initial relative vorticity is zero, what will it be at 60°N? 
b) If the air mass has a 500-km radius and is moving in solid body rotation, what are the 
tangential wind speed and the sense of rotation at 60°N? 
 
3. (1.5 pts) Ertel’s potential vorticity.   
From Fig. 9.1a in Andrews, Holton and Leovy, estimate zonal mean Ertel's PV at  
a) 45°N,  500 hPa and b) 45°N, 100 hPa.  Express your answer in PV units, where 1 PVU = 
1x10-6 K-m2-kg-1-s-1. Check your answers against Fig. 9.1b.  Note that values in Fig. 9.1b are in 
units of 1x10-5 K-m2-kg-1-s-1, or 10 PVU.  
c) How do the distributions of ozone and PV differ above 20 km?  What causes this difference? 
 
4. (2 pts) Isentropic PV charts. 
a) Create polar stereographic maps of PV on the 350 K and 850 K isentropic surfaces for 0000 
UTC 29 December 2020 using PANOPLY and JRA3Q isentropic charts from the following (780 
Mb) file available under homework 3 on our website: 
jra3q.anl_isentrop.0_2_14.pvort-theta-an-gauss.2020122100_2020123118.nc.   
 
b) Describe geographically where the 350 K PV pattern indicates a blocking high.  Explain why 
you think so. 
 
c) Does the 850 K PV pattern satisfy the criterion for Rossby wave breaking?  Explain why. 
 
 



5. (2.5 pts) Ocean surface layer energetics. Consider a well-mixed oceanic boundary layer of 
depth 20 m near the equator. The wind stress is given by 𝜏 = 	𝜌	𝑐"𝑢!, where 𝑐" = 0.001, 𝜌 is air 
density, and 𝑢 is the wind speed.  
a)  Assuming that there is no friction between the well-mixed layer and the deep ocean, and that 
all of the energy goes into kinetic energy of the slab upper ocean, how long would it take for the 
ocean current v to reach the speed of the air, assuming that  𝑢	= 5 m/s in the above formula? 

[Assume a slab of depth h.  The momentum change in the slab with net viscous force $(
$&

 gives 
𝜌)dv/dt = (𝜌	𝑐"𝑢!- 0)/h.] 
b) Consider what happens in this formulation when the current speed reaches v = 5 m/s.  How 
would you modify the relation 𝜏 = 	𝜌	𝑐"𝑢!, to take into account the current speed v? 
c) When the current speed reaches 1 m/s, what is the rate of generation of kinetic energy per unit 
mass in the slab? [Multiply your solution in a) by v to form an equation for time rate of change 
of KE in the upper slab of the ocean.] 
d) In steady state one may assume that the energy input by the wind stress is balanced by the 
viscous dissipation rate per unit mass, 𝜂.  Using your answer from c), estimate the length scale at 
which deformation work balances molecular diffusion.   

[The Kolmogorov microscale is  𝑙∗ = 9+
!

,
:
-
./
;  use 𝜈	for water.] 

e) Taking a typical value of 𝑐#	for the ocean from Table A3.1 of Gill, what is the rate of change 
of temperature associated with this kinetic energy input by wind stress?  [Use conservation of 

energy in the presence of viscous dissipation 	𝑐#
01
02
= 𝜂. ] 

 
6. (1 pt) Eddy diffusivity, mixing length theory, and the flux-gradient relationship                                                                                

It is a challenge to “close” the equation for acceleration of the mean flow, $34
$5
= − $
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𝑢′𝑤′AAAAAA , when 

the eddy values 𝑢6 and 𝑤′ are not known.  Assuming that turbulent motions are oriented 
randomly one may use eddy mixing length theory to estimate	𝑢′.  Using the definition 𝑤6 =
𝛿𝑧/𝛿𝑡, show how to express the vertical momentum flux convergence in terms of an eddy 

diffusivity 𝐾&& and curvature of the flow:    $34
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= 𝐾&& 	
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	 .    

 
7.  (1 pt)  Differentiating phase 
Defining the perturbation streamfunction to be 𝜓′(𝑥, 𝑡) 	= 	𝜓7𝑒8(:;<=5), show that the linearized 
expression for the time rate of change of vorticity following the motion can be written as 

 $?
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 = 𝑖	𝑘!(𝜔 − 𝑢A	𝑘)	𝜓′ . 
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