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ABSTRACT

The aim of this paper is to renew interest in the Lagrangian view of global and basin ocean circulations and
its implications in physical and biogeochemical ocean processes. The paper examines the Lagrangian transport,
mixing, and chaos in a simple, laminar, three-dimensional, steady, basin-scale oceanic flow consisting of the
gyre and the thermohaline circulation mode. The Lagrangian structure of this flow could not be chaotic if the
steady oceanic flow consists of only either one of the two modes nor if the flow is zonally symmetric, such as
the Antarctic Circumpolar Current. However, when both the modes are present, the Lagrangian structure of the
flow is chaotic, resulting in chaotic trajectories and providing the enhanced transport and mixing and micro-
structure of a tracer field. The Lagrangian trajectory and tracer experiments show the great complexity of the
Lagrangian geometric structure of the flow field and demonstrate the complicated transport and mixing processes
in the World Ocean. The finite-time Lyapunov exponent analysis has successfully characterized the Lagrangian
nature. One of the most important findings is the distinct large-scale barrier—which the authors term the great
ocean barrier—within the ocean interior with upper and lower branches, as remnants of the Kolmogorov–
Arnold–Moser (KAM) invariant surfaces. The most fundamental reasons for such Lagrangian structure are the
intrinsic nature of the long time mean, global and basin-scale oceanic flow: the three-dimensionality and in-
compressibility giving rise to chaos and to the great ocean barrier, respectively. Implications of these results are
discussed, from the great ocean conveyor hypothesis to the predictability of the (quasi) Lagrangian drifters and
floats in the climate observing system.

1. Introduction

The three-dimensional structure of Lagrangian flow
pathways in the world oceans lies at the very heart of
our understanding of the ocean climate and World
Ocean’s role in the earth’s climate variability. The un-
derstanding of long-term transfer of freshwater, salt,
heat, and tracers or materials of biogeochemical im-
portance such as nutrients and carbon by the global and
basin-scale oceanic flow all crucially depends upon the
knowledge of the three-dimensional structure of the La-
grangian flow pathways in the oceans. What are the
characteristics of the Lagrangian trajectories or flow
pathways in a three-dimensional, long time averaged
global and basin-scale oceanic flow? The great ocean
conveyor hypothesis (Broecher 1991) provides a very
useful conceptual model for the global ocean Lagran-
gian flow pathways. For example, the upper Atlantic
Ocean is characterized by a northward transport of
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warm, salty water to the subtropical and subpolar North
Atlantic where air–sea processes result in the formation
of various components of North Atlantic Deep Water
(NADW). The colder NADW is then advected south-
ward, at depth, to complete the meridional overturning
circulation. [See Schmitz and McCartney (1993) for an
excellent review in the Atlantic Ocean circulation.]
However, this is an over simplified picture of the La-
grangian flow pathways that may not even hold in the
long time mean. There are two major modes of the
basin-scale circulation in all world major oceans. One
is the wind-driven gyre circulation mode and the other
is the thermohaline circulation mode driven by the buoy-
ancy force. These two modes are believed to contribute
equally to the net northward water mass transport in the
upper Atlantic, even though they are interrelated to each
other and their interplay is very complicated. However,
even for such a simple flow, its Lagrangian information
remains unexplored. For example, what is the geometric
structure of Lagrangian pathways in a simple, long time
mean, three-dimensional, basin-scale flow consisting of
both gyre and meridional overturning circulation mode?

Recent studies showed the great complexity of the
Lagrangian trajectories, transport, and mixing in a two-
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dimensional, time-dependent gyre-scale oceanic flow.
The resulting chaotic transport and mixing can explain
the water mass intergyre exchange, the potential vor-
ticity homogenization, and the associated water property
front aligned with the Gulf Stream (Yang and Liu 1994;
Liu and Yang 1994; Yang 1996a,b,c). The results dem-
onstrated that the chaotic transport and mixing by gyre-
scale circulation could be the dominant mechanism for
water mass transport and tracer mixing in the gyre-scale
ocean. These results are of great interest to oceanog-
raphers, in general, because the Lagrangian chaos by
such a simple, laminar large-scale flow can give con-
siderably enhanced transport and mixing, and micro-
structure for tracer, without any turbulence or eddies in
the flow field and any tracer diffusivity in the usual
sense. Moreover, the large-scale flow is relatively sim-
pler to be dynamically understood and accurately mea-
sured than, for example, eddies and small-scale motions.

The Antarctic Circumpolar Current (ACC) plays an
important role in the global ocean circulation and ocean
climate. One of the major distinctions between the three-
dimensional, steady ocean circulation in a basin, say the
North Atlantic or North Pacific Ocean, and the steady
ACC is that the long term averaged ACC can be as-
sumed to be zonally symmetric. On the other hand, be-
cause of the lateral boundary, the long term averaged
flow in an ocean basin is intrinsically three-dimensional
[e.g., for the North Atlantic, see Schmitz and McCartney
(1993)]. What is the major difference in terms of the
Lagrangian structure between these two long term av-
eraged, idealized three-dimensional, steady flow fields?

The chaotic Lagrangian structure by a simple, laminar
flow, such as two-dimensional, time-dependent gyre-
scale circulation (Yang and Liu 1994; Yang 1996a,b),
means that infinitesimally close fluid particles following
the Lagrangian trajectories or streamlines may separate
exponentially in time, while remaining in a bounded
domain, and that individual trajectories may appear to
fill entire regions of space. Thus, the positions of fluid
particles may become effectively unpredictable after a
finite period of time.

The use of (quasi) Lagrangian floats or drifters in the
oceanographic field research program (see U.S. WOCE
1995 for the latest) and possibly in the ocean circulation
prediction operation, as one of important components
of the earth’s climate observing system, has been greatly
increased recently in part because of the popularity of
satellite tracking systems. However, only very limited
floats or drifters are deployed and tracked for a limited
time. For the best utilization of the limited float and
drifter data a better understanding of the Lagrangian
structure of the oceanic flow becomes more urgent. Two
related questions have to be addressed: How accurately
can the floats or drifters data from the observation and
modeling studies represent the Lagrangian structure of
the flow in general? For example, how accurately can
we interpret these limited data for the ocean model com-
parison and validation and translate them into the Eu-

lerian flow information as the ocean model initial data
input? To simplify the problem, we can ask an equiv-
alent but inverse question. For a given, simple, laminar,
large-scale Eulerian oceanic flow field, such as a steady,
three-dimensional, basin-scale flow, how accurately can
we predict its Lagrangian trajectories and the Lagran-
gian structure?

The purposes of the present paper are 1) to examine
the Lagrangian structure of a simple steady basin-scale
oceanic flow, 2) to highlight the potential importance
of its implications for the three-dimensional Lagrangian
flow pathways, water mass transformation, enhanced
transport, and mixing in the World Ocean and for the
drifters and floats data, and 3) to renew interest in the
Lagrangian view of ocean circulations and its impli-
cations in physical and biogeochemical ocean processes.
In this paper, we explore the complexity of the Lagran-
gian structure in such a simple, three-dimensional flow.
We show that the Lagrangian flow pathways and the
transport are chaotic and that there is a large-scale bar-
rier to the chaotic transport in the basin, called the great
ocean barrier. The three-dimensionality and incom-
pressibility of the steady global and basin-scale flow are
the fundamental reasons for such Lagrangian structure,
giving rise to the chaos and the great ocean barrier,
respectively.

The paper is arranged as follows. The simple ocean
model is formulated in section 2. The Lagrangian struc-
ture along with several examples of Lagrangian trajec-
tories is given in section 3. Section 4 shows how a
passive tracer field can be redistributed by this simple
oceanic flow field. Section 5 presents the Lyapunov ex-
ponent distribution, which characterizes the Lagrangian
structure. Section 6 is devoted to discussions.

2. Ocean model

a. The double gyre–thermohaline circulation

The basin-scale model ocean is assumed to have a
square basin with a flat bottom:

0 # x # 2L, 2 L # y # L, 2 H # z # 0,

where L and H are the horizontal scale and depth of the
ocean basin; x, y, and z denote the eastward, northward,
and upward variables, respectively. The long time mean
horizontal circulation is assumed to be a steady double-
gyre wind-driven circulation with a subpolar gyre to the
north and a subtropical gyre to the south. The stream-
function can be written as

cW 5 (x 2 2) curlt(y)(1 2 e ),2x/dS (2.1)

where the wind curl is curlt 5 sin(py) and the variables
are nondimensionalized by the horizontal scale L.
Hence, the gyre circulation consists of the interior Sver-
drup flow and the western boundary current, with the
Stommel boundary layer width dS. The long time mean



1260 VOLUME 27J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y

FIG. 1. The three-dimensional, steady, basin-scale flow fields. (a)
The wind-driven gyre mode on the horizontal plane and (b) the me-
ridional overturning circulation mode on the meridional–vertical
plane.

meridional overturning circulation is a steady single
buoyancy-driven thermohaline cell with a narrow sink-
ing branch against the northern wall and a wide up-
welling branch in the rest of the basin. The nondimen-
sionalized streamfunction is

cB 5 cBI(y, z)[1 2 e ],(y21)/dB (2.2)

with the interior thermohaline flow, given by cBI(y, z)
5 (y 1 1)B(z) and the buoyancy forcing distribution B
5 e sin(pz/b), where the e(.0) represents the strength
of the buoyancy-driven flow relative to that of the wind-
driven flow and b 5 H/L is the aspect ratio; dB is the
width of the sinking branch. The total three-dimension-
al, long time averaged oceanic flow field in the dimen-
sionless form is given by

]c ]c ]c ]cW W B B(u, y, w) 5 2 , 1 , 2 , (2.3)1 2]y ]x ]z ]y

where u, y, and w are the zonal, meridional, and vertical
component of the three-dimensional oceanic flow ve-
locity, respectively. From consideration of meridional
transport in the interior the strength of the thermohaline
circulation should have the same order magnitude as
that of the gyre circulation mode and b and e should
have the same order of magnitude. For example, if we
choose L 5 2000 km and H 5 4 km, then e has to be
order of b (5 0.002). Therefore, the vertical motion due
to the overturning mode is 500 times weaker than that
of the gyre mode. Equivalently we can choose b 5 e
5 1 for simplicity of computation and presentation with-
out loss generality. Figure 1 shows the flow field, where
and hereafter the following parameter values have been
chosen, dS 5 0.025, dB 5 0.01, b 5 1, and e 5 1. These
values are consistent with present estimates.

Obviously this is a highly idealized ocean model and
is far from the reality of the World Ocean. Nevertheless,
this kinematic model mimics several important aspects
of real oceans. First, this flow satisfies the continuity
equation ux 1 yy 1 wz 5 0 and thus conserves the water
mass automatically. Second, the wind-driven gyre cir-
culation mode and the meridional overturning mode are
both representative of the real ocean with the western
boundary current and northern boundary sinking (as
shown in Fig. 1). These major features are consistent
with our current understanding of basin-scale transport
(e.g., Schmitz and McCartney 1993). Third, this flow
can produce a realistic sea surface temperature (SST)
pattern through redistribution process (not shown, but
see the tracer field below). However, as emphasized in
the introduction, the purpose here is to highlight the
possible consequence of a simple, steady, three-dimen-
sional, basin-scale flow from the Lagrangian point of
view, and is not to validate the ocean model. Such a
kinematic approach has been succesuflly applied in
many oceanographic studies [see Yang (1996b) for a
more complete reference].

b. Equations for the Lagrangian trajectory

The Lagrangian trajectories, or flow pathways of fluid
parcels, with different initial positions can be found by
solving the following three ordinary differential equa-
tions in the ocean basin:

dx dy
5 u(x, y, z), 5 y(x, y, z),

dt dt

dz
5 w(x, y, z). (2.4)

dt

This constitutes a three-dimensional, autonomous dy-
namical system. A very important advantage of this
model is that the oceanic flow is laminar and in analytic
form so that there could be no error associated with the
turbulence and numerical difference scheme. Such er-
rors cannot be avoided and are often hard to estimate
when the flow field is obtained by numerically solving
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the governing nonlinear equations. Here, the only pos-
sible numerical error is solely due to the integration of
the ordinary differential equations. Moreover, this error
can be completely controlled to the desired level, for
example, by simply reducing the time step of integration
in a finite period of time.

3. The Lagrangian trajectories

When the flow consists of only one of the two modes,
the flow is two-dimensional and steady. Such a flow
cannot generate chaotic Lagrangian trajectories because
it constitutes a two-dimensional dynamical system. A
dynamical system consisting of two autonomous ordi-
nary differential equations cannot behave chaotically
(Guckenheimer and Holmes 1983). However, if the oce-
anic flow consists of both the gyre and the meridional
overturning mode, the Lagrangian trajectories and flow
pathways can either be chaotic or nonchaotic, depending
on the origin of the fluid parcels, that is, the initial
conditions.

Figure 2 show some examples of the three-dimen-
sional Lagrangian trajectories and flow pathways gen-
erated by this three-dimensional, steady flow. The total
integration time is 4 in nondimensional time unit; one
time unit is about a decade in dimensional timescale in
the present system. It is seen that the Lagrangian tra-
jectories could be regular, or nonchaotic, when origi-
nating in some place within the intermediate layer (Fig.
2a), that is, the so-called great ocean barrier (to be ex-
plained shortly). The four fluid parcels start in the west-
ern intermediate layer on z 5 20.5, along y 5 20.2 in
the interval of x 5 0.2 to x 5 0.4. They rise northward
and eastward to the northern basin boundary near the
surface and then almost vertically sink to near the bot-
tom of the ocean. Then they move back to the south
along the near-bottom and rise again back to the north,
to the northern basin boundary layer below the ocean
surface. There they vertically sink to near the bottom
and move southward along the bottom eastern boundary
to near the southern basin boundary. They then rise
eastward to the western boundary below the surface and
continue their course to the north. They meridionally
circulate three times and circulate in the subtropical gyre
one time in the whole course (see Fig. 2a for details).
The four Lagrangian trajectories always stay together,
and, in fact, they stay closer together after the first time
that they rise from near bottom. Hence these Lagrangian
trajectories are not chaotic.

Figure 2b showed four Lagrangian trajectories orig-
inating in the upper-central subtropical gyre. The four
fluid parcels first stay together, moving toward the north
and sinking to near the bottom at the northern basin
boundary and then flowing toward the south along the
near-bottom, reaching the southern basin. After reaching
the western boundary layer near the ocean bottom, they
continue moving together toward the west and north.
The fluid parcels then rise upward and eastward and

start to separate from each other while spiraling upward.
They depart from each other greatly after the second
meridional loop as shown in red. They are not as regular
as the previous example, and, therefore, may be called
almost nonchaotic.

The chaotic examples of the Lagrangian trajectories
of the fluid parcels come from the fluid parcels origi-
nating in the upper Labrador Sea and the Florida Current
(Figs. 2c,d). The fluid parcels originating in the upper
Labrador Sea first circulate in the western region and
sink down to near the bottom (Fig. 2c). They then move
along the bottom western boundary current to the south
and spiral upward around the subtropical western re-
circulation center three times before moving upward and
northward to the north, to the northern basin boundary,
sinking down to near the bottom. When they move back
to the south, one of them returns to the north and the
rest move all way to the south and then rise upward and
westward, taking similar pathways as the previous one
(Fig. 2b). Examples of the fluid parcels in the Florida
Current are most dramatic (Fig. 2d). After reaching the
northern basin boundary, sinking down to the ocean
bottom and moving back the south, the trajectories spiral
five times around the subtropical western recirculation
center upward and then move to the north. At the end
of integration, three parcels are found in the subtropical
gyre and one in the subpolar gyre. They are not regular
at all. In fact, they are totally chaotic in the sense of
dynamical systems theory (to be discussed in section 5).

4. Tracer mixing experiments

To better understand the physics of the transport and
mixing processes in such three-dimensional, steady, ba-
sin-scale circulation, we conducted direct Lagrangian
experiments to model the passive tracer mixing. The
evolution of the tracer mixing is due to the three-di-
mensional advection of the flow field; that is,

dC
25 Q 1 k¹ C, (4.1)

dt

where C 5 C(x, y, z, t) is the tracer concentration (or
perturbation) field along the Lagrangian trajectories, de-
termined by Eq. (2.4), and Q and k are tracer source
function and diffusivity, respectively. One of advantages
of this Lagrangian approach is that there is no artificial
diffusivity in the Lagrangian modeling. In fact, the trac-
er diffusivity can be zero. A large artificial tracer dif-
fusivity is always present in the conventional numerical
modeling (see Yang 1996c for detailed discussion). For
simplicity, we assume the tracer to be nondiffusive and
conservative with Q 5 k 5 0 in this study.

In order to examine the meridional mixing, we further
assume that the initial tracer is independent of the depth
and is a linear function of y, for example, C0(y) 5 C(x,
y, z, t 5 0) 5 y. The high concentration or value (red
color) in the subtropical gyre and lower concentration
or value (purple color) in the subpolar gyre. The three-
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FIG. 2. Some examples of the three-dimensional Lagrangian trajectories of the double-gyre-thermohaline oceanic flow. The trajectories
are (a) nonchaotic when originating in the intermediate layer near (0.3, 20.2, and 20.5) in the great ocean barrier; (b) almost nonchaotic
when originating in the upper central subtropical gyre near (1, 20.5, 20.2); (c) chaotic when originating in the upper Labrador Sea near
(0.01, 0.8, 20.05); and (d) chaotic when originating in the Florida Current near (0.01, 20.5, 20.01). The color of the trajectory represents
the time, from purple to red as the time increases.

dimensional tracer distributions were shown in Figs.
3a,b, whereas the isosurfaces of tracer field were shown
in Figs. 3c,d after t 5 0.5. Due to the three-dimensional
flow advection, the tracer field undergoes dramatic
change and the mixing process is very complicated. For
example, the water of subtropical origin (red-yellow)
has been spread throughout the basin with thin sheet
structure (Fig. 3c), whereas the water near intergyre

boundary origin has also been spread throughout both
gyres and from top to bottom (Fig. 3d).

In order to examine the vertical mixing process, we
conducted the same experiment with a different initial
condition (Fig. 4). In this experiment, the initial tracer
concentration or value is assumed to be independent of
y and is linear function of the depth, for example, C0(z)
5 C(x, y, z, t 5 0) 5 2z. The upper-layer tracer has
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FIG. 3. The tracer distributions at t 5 0.5. The initial tracer is linearly distributed in y with high value (red color) in the subtropical gyre
and low value (purple color) in the subpolar gyre: (a) and (b) Tracer distributions, and (c) and (d) the three-dimensional isosurface of the
tracer with different values.

high concentration or value (red color) and the lower-
layer tracer has lower concentration or value (purple col-
or). The results after T 5 0.5 were shown in Figs. 4a,b
for tracer distributions and in Figs. 4c,d for isosurfaces.

As the tracer mixing processes continue, it was clearly
observed that there are some almost no-mixing regions
mingled within well-mixing regions (Fig. 5 for t 5 2).
There are microstructures in the tracer field due to the
chaotic mixing processes as well as the large-scale bar-

riers to mixing. The stretching and folding processes
are most strikingly evident. The stretching and folding
provides an enhanced mixing for the tracer field.

5. The great ocean barrier: The Lyapunov
analysis

A better way to distinguish the chaotic behavior from
the regular, or nonchaotic, behavior of these Lagrangian
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FIG. 4. The tracer distributions at t 5 0.5. The initial tracer is linearly distributed in z with high value (red color) in the upper layer and
the low value (purple color) in the lower layer: (a) and (b) tracer distributions, (c) and (d) the three-dimensional isosurface of the tracer
with different values.

trajectories and the tracer mixing process in the dynam-
ical systems theory is through calculating the Lyapunov
exponent. The Lyapunov exponent provides a qualita-
tive and quantitative characterization of dynamical be-
havior; it is a measure of the exponentially fast diver-
gence or convergence of nearby trajectories in the phase
space of the underlying dynamical system (Guckenhei-
mer and Holmes 1983; Ott 1993). The trajectories are

the Lagrangian fluid parcel trajectories and the phase
space in this dynamical system is exactly the three-
dimensional geometric space of the ocean basin. A sys-
tem with one or more positive Lyapunov exponents is
defined to be chaotic. Given a continuous dynamical
system in an n-dimensional phase space, we monitor the
evolution of an infinitesimal n-sphere of initial condi-
tions; the sphere will become an n-ellipsoid due to the
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FIG. 5. The tracer distributions at t 5 2 for (a) and (b) the case as in Fig. 3 and (c) and (d) the case as in Fig. 4.

locally deforming nature of the flow. The largest one-
dimensional Lyapunov exponent is then defined in terms
of the length of the ellipsoid principal axis p(t):

1 1 p(t)
l 5 log . (5.1)2limt→` t p(0)

There is a standard computational method of the Lya-
punov exponent calculation for the system consisting of
ordinary differential equations (e.g., Guckenheimer and

Holmes 1983; Wolf et al. 1985; Ott 1993). However,
we are more interested in the behavior of the Lagrangian
trajectory in a finite period of time. We could modify
the method by taking a finite period of time instead of
infinity to compute the finite-time Lyapunov exponent
for the present system. Another method has also been
successfully used to calculate the finite-time Lyapunov
exponent for a two-dimensional, unsteady gyre-scale
oceanic flow (Yang 1996a,b).
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Figure 6 shows the finite-time Lyapunov exponent
distributions on a horizontal plane near the ocean sur-
face (the top panel), the intermediate layer (the middle
panel), and near the bottom (the bottom panel) after two
nondimensional unit time.1 It was seen that one of the
most striking features is the high positive Lyapunov
exponent value in the Labrador Sea and the western
boundary current, including the Florida Current. Hence,
the Lagrangian trajectories originating from these
regions are chaotic. The conclusion is in complete agree-
ment with the previous Lagrangian trajectories in Fig.
2c,d. The region in the central domain has no positive
Lyapunov exponent including the central subtropical
gyre. Hence, the Lagrangian trajectories originating
from this region are regular or nonchaotic. This agrees
well with Fig. 2b. The southern boundary region is also
chaotic. In the intermediate layer on z 5 20.5, the sub-
polar gyre is very chaotic as well as western boundary
layer (see the lower left panel of Fig. 6). The most
striking feature is the much lower value zonal region in
the south side of the intergyre boundary. The nearby
Lagrangian trajectories would stay together all times.
This represents a nonchaotic barrier to the chaotic trans-
port and mixing. A typical example is shown in Fig.
2a. Again the Lyapunov exponent has successfully iden-
tified this barrier. The Lyapunov exponent distributions
near the ocean bottom are given in the lower right panel
in Fig. 6, showing a chaotic region in the eastern bound-
ary and some chaotic layer among the nonchaotic layer.

The distributions on the vertical–zonal cross section
are given in Fig. 7, whereas those on the vertical–me-
ridional cross section are shown in Fig. 8. It was found
that in the middle subpolar gyre meridional cross sec-
tion, the western region and most of the middle ocean
are chaotic, whereas there are two zonal nonchaotic
zones in the upper layer and the other in the lower layer,
respectively. The lower layer is more chaotic than the
upper layer except at the western boundary in the sub-
tropical gyre.

The most striking feature that emerges from the Lya-
punov exponent calculations is the distinct large-scale
ocean barrier to the chaotic transport and mixing, called
the great ocean barrier. The barrier rises near the bot-
tom in the northern basin boundary toward the south,
continues upward and southward to the center of the
basin, then goes back northward and upward and finally
approaches the northern basin boundary just below the
surface in the midbasin.

The similarity between the Lagrangian tracer mixing
experiments in Figs. 3–5 and that in the Lyapunov ex-

1 The largest exponent should always be zero or positive theoret-
ically in the present system since it is a conservative or nondissipative
dynamic system. The negative values shown here are solely due to
the finite-time calculation, and they approach zero as the time in-
creases. Therefore, the region with negative value should be inter-
preted as regular or nonchaotic region.

ponent in Figs. 6–8 is most evident. However, the tracer
mixing experiment can only qualitatively show the mix-
ing process, whereas the Lyapunov exponent can quan-
titatively characterize the mixing process. Hence, the
Lyapunov exponent analysis supports evidence from
previous Lagrangian trajectories and tracer mixing ex-
periments, arguing that there is a great ocean barrier to
mixing.

The Lyapunov analysis does not provide only quan-
titative information about the fluid parcel pathways or
trajectories: this analysis also comes into its own in
discussions on the microstructure of the tracer field. For
example, consider the fate of a small sphere of fluid
tracer of size L0 placed at a point in the ocean with
Lyapunov exponent l. After time T, the tracer parcel
has stretched out to a cylindrical filament of length L0

exp(lT) in the one direction and radius L0 exp(2lT/2)
or a disk sheet of radius L0 exp(lT) with thickness L0

exp(22lT). Taking a typical value l 5 2 per unit time,
T 5 2, and L 5 100 km, a filament 5459 km long of
radius 13.5 km, or a disk sheet of radius 5459 km with
thickness 0.335 cm, is obtained; after T 5 4, these num-
bers become 298 096 km and 1.8 km for the filament
or 298 096 km and 1.1 3 1024 cm for the sheet! Because
of the length of the filament or the huge sheet, it be-
comes highly contorted, as in Figs. 2–5. In particular,
the isosurfaces in these figures illustrate vividly the thin
contorted sheet structure (Figs. 3 and 4). Therefore, the
simple, laminar, three-dimensional basin-scale steady
flow is very capable of producing the microstructure of
the tracer field in the world oceans.

If the concentration gradient of the tracer is initially
=C0 at the starting point of the fluid parcel, then the
gradient after time T is =C0 exp(lT) (Varosi et al. 1991).
If the initial gradient field of the tracer is rather smooth
and uniform in space, then after some time has passed,
the tracer gradient field consists of an interwoven set
of filamentary and sheet structures. The long filaments
or large thin disk sheets (corresponding to points with
high value of the Lyapunov exponent) support the high-
est gradients and are most contorted, while weak gra-
dients are supported on relatively short filaments or
small sheets. Therefore, this steady, laminar, three-di-
mensional flow can indeed greatly enhance the tracer
transport and mixing in the global or basin-scale oceans.
Moreover, it has been shown that the spatial variability
of Lyapunov exponent is also directly related to the
fractal and multifractal formalism. As a means of de-
scribing spatially complex system, this formalism has
attracted a great deal of attention recently (e.g., Varosi
et al. 1991; Ott 1993 and references therein). Hence,
the Lyapunov analysis does provide a better means for
describing this complicated structure.

6. Discussion

The Lagrangian flow pathways or trajectories of the
three-dimensional, steady global- and basin-scale oce-
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FIG. 6. The finite-time Lyapunov exponent distributions for a horizontal level plane (a) on the near surface at Z 5 20.05, (b) on the
intermediate level at Z 5 20.5, and (c) on the near bottom at Z 5 20.95. The high positive value indicates the strong chaotic region,
whereas the low or zero value represents the nonchaotic region or barrier to chaotic transport.
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FIG. 7. The finite-time Lyapunov exponent distributions in the zonal–vertical plane (a) along the midsubpolar gyre at y 5 0.5, (b) along
intergyre boundary at y 5 0, and (c) along the midsubtropical gyre at y 5 20.5.
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FIG. 8. The finite-time Lyapunov exponent distributions on the meridional–vertical plane (a) near the western boundary at x 5 0.1, (b)
along the midwestern basin at x 5 0.5, and (c) along the center of the basin at x 5 1.
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anic flow could be either nonchaotic or chaotic, sensi-
tively depending upon the initial locations of the fluid
parcels. This kind of simple flow can provide the en-
hanced transport and mixing and microstructure for trac-
er without turbulence or eddies in the flow field, in the
usual sense, limited only by a large-scale ocean transport
barrier. The Lagrangian structure of its trajectories and
the tracer mixing process can be better characterized by
the Lyapunov exponent spatial distributions. All these
analyses identify the large-scale barrier to the transport
and mixing in the interior of the basin, called the great
ocean barrier.

a. Three-dimensionality and incompressibility

Such behavior of the Lagrangian trajectories by basin-
scale oceanic flow is due to its intrinsic nature: three-
dimensionality and incompressibility. The Lagrangian
trajectories cannot be chaotic if a steady basin-scale flow
is two-dimensional. It is, therefore, the three-dimen-
sionality of steady global and basin oceanic flow that
gives rise to chaos in its Lagrangian structure. Because
of the incompressibility of the fluid flow, the total di-
vergence of this oceanic flow is exactly zero. Unlike the
Lorenz system (Lorenz 1963), it is not a dissipative
system. Thus, the system cannot have any strange at-
tractor as such the trajectories will not be attracted to
a finite domain with zero volume. Instead, the ocean
domain can have both chaotic and nonchaotic regions.
Thus, it is the incompressibility of the flow that gives
rise to the great ocean barrier.

Even though the particular model used in this study
is far from reality, the three-dimensionality and incom-
pressibility are two generic features for all realistic glob-
al and basin-scale oceanic flows. Therefore, the present
model is a generic one and conclusions reached here
are expected to hold in general to some extent (but also
see § 6g).

b. The great ocean conveyor

Because of the fundamental nature of the global and
basin-scale oceanic flow, the Lagrangian structure of the
flow is chaotic. Thus, the water masses may chaotically
transfer from one place to another, especially in the
western boundary current and intergyre boundary cur-
rent. The regular, steady Lagrangian flow pathways, hy-
pothesized in the great ocean conveyor (Broecher 1991),
thus, may be conceptually useful, but physically un-
likely, even over a very long timescale. In reality, the
global oceanic flow is three-dimensional and time de-
pendent. The time-dependence in the three-dimensional
flow may greatly modify the Lagrangian structure, mak-
ing it more complicated than that observed here (see
section 6g for more discussion). Therefore, the proba-
bility that a fluid particle may travel throughout the great
ocean conveyor may not be significantly greater than
through any other path.

c. The ACC

In contrast, the long time mean, three-dimensional
ACC is similar to the basin-scale flow except without
eastern and western boundary effects. The kinematic
ACC can similarly assume the following form for the
wind-driven part:

cW 5 curlt(y), (6.1)

and the buoyancy-driven thermohaline cell assumes the
same form:

cB 5 cBI [1 2 e ].(y21)/dB (6.2)

The total three-dimensional, steady ACC flow is given by

]c ]c ]cW B B(u, y, w) 5 2 , , 2 . (6.3)1 2]y ]z ]y

A counterpart in the atmosphere for such a flow is the
zonally symmetric Hadley cell. The Lagrangian trajec-
tories are the solutions of

dx dy dz
5 u(y), 5 y(y, z), 5 w(y, z), (6.4)

dt dt dt

with periodic zonal domain.
Even though the ACC has three components in the

velocity field, this flow is fundamentally different from
the double gyre–thermohaline circulation model [Eq.
(2.3) or Eq. (2.4)]. There is a zonal symmetry in the
flow field so that the distance of a Lagrangian trajectory
from its original position is independent of its zonal
axis. The first of the three equations is decoupled from
the other two equations. This system, thereby, is essen-
tially a two-dimensional, continuous dynamical system
and their Lagrangian trajectories cannot be chaotic.
Therefore, we expect to observe relatively regular drifter
trajectories in the ACC system. The ACC acts as a bar-
rier for chaotic transport and mixing in the global ocean
circulation.

Thus, the probability that a fluid particle may travel
throughout the ACC is significantly greater than
throughout the great ocean conveyor. Unlike in the
ACC, the presence of eastern and western boundaries
breaks the zonal symmetry of the basin-scale ocean cir-
culation, making the flow truly three-dimensional. Thus,
the horizontal boundaries of the ocean basins are of great
importance to Lagrangian pathways. The results also
showed the extreme delicacy of the interplay between
the gyre circulation mode and the meridional overturn-
ing mode in the global and basin-scale ocean. If either
one of these modes is absent, the Lagrangian trajectory
cannot be chaotic.

d. The KAM invariant surfaces and topology

For two-dimensional, time-periodic flows the Kol-
mogorov–Arnold–Moser (KAM) theorem (see, e.g., Ar-
nold 1989) plays an important role. Namely, it provides
sufficient conditions for the existence of invariant cir-
cules for the associated two-dimensional Poincare map
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of the two-dimensional, time-periodic flow. These in-
variant circules act as barriers to transport and mixing.
Some advance has been made recently concerning
‘‘KAM-like’’ theories for three-dimensional volume-
preserving maps, for example, by Cheng and Sun
(1990). The most celebrated three-dimensional, steady
flow is the Arnold–Baltrami–Childress (ABC) flow
(e.g., Dombre et al. 1986). This three-parameter family
of spatially periodic flow is a simple steady-state so-
lution of Euler’s equations or of the Navier–Stokes equa-
tion with an appropriate force. The Lagrangian trajec-
tories also have a complicated structure. In general,
there is a set of closed helical streamlines or trajectories,
each of which is surrounded by a finite region of KAM
invariant surfaces (see, e.g., Guckenheimer and Holmes
1983; Ott 1993). The present three-dimensional, steady
flow field is a kinematic model and not a solution of
the nonlinear dynamical equation. It is possible to derive
the three-dimensional flow field used here from linear
dynamics of ocean physics. Nevertheless, the two sys-
tems do share the same features such as the nondiverg-
ence, integrable in the absence of some parameter and
a perturbed Hamiltonian system. Hence, they both have
chaotic and nonchaotic regions with a complicated La-
grangian structure.

The great ocean barriers found here also can be
viewed as the analog of the KAM invariant surfaces.
Even though the present system [Eq. (2.4)] itself is not
a Hamiltonian system, it does share some properties
with the perturbed Hamiltonian system. For example,
the total divergence is zero. When e 5 0 or `, the system
is indeed an integrable Hamiltonian system with one
degree of freedom. Thus, the system can be viewed as
a perturbed Hamiltonian system.

To better understand the geometric structure of the
Lagrangian trajectories in the current system, we con-
sider the two simplified cases. First, if there is no me-
ridional overturning mode, the flow is vertically uniform
and the streamlines are horizontally wrapping up around
an infinite number of vertical elliptic cylinders, whose
center is located at one of two gyre centers. The elliptic
cylindrical surfaces are the KAM invariant surfaces. If
instead there is no gyre mode, the flow is zonally uni-
form and the streamlines are wrapping up in the me-
ridional–vertical plane around an infinite number of zo-
nally oriented elliptic cylinders, whose center is located
at the center of the meridional overturning cell. The
KAM invariant surfaces are the zonally oriented elliptic
cylindrical surfaces. All Lagrangian trajectories are reg-
ular in either case, in the sense that they have to stay
on their own KAM surface in space and cannot move
from one KAM surface to another. Moreover, the La-
grangian trajectories cannot intersect themselves be-
cause the flow is steady. Hence, there is no chaos in
either case. The present system with both the gyre and
the meridional overturning mode can be viewed either
as a perturbed first case, that is, the gyre system per-
turbed by the meridional overturning mode, or the per-

turbed second case, that is, the overturning system per-
turbed by the gyre mode. The perturbation makes the
phase space of the Lagrangian trajectories truly three-
dimensional, and, hence, leads to destruction of the
KAM invariant surfaces and, thus, to chaos. The La-
grangian trajectories can move freely or chaotically.
Therefore, it is three-dimensionality in the steady flow
that makes the Lagrangian trajectories and their La-
grangian structure chaotic. However, the perturbation
cannot in general destroy all original KAM invariant
surfaces. What remains is what we call the great ocean
barrier.

In contrast, in the ACC, the KAM invariant surfaces
are the zonally oriented elliptic cylindrical surfaces, that
is, the KAM tori, the Lagrangian trajectories can only
move on their own KAM surface. There is, however, a
difference between the KAM surfaces in the ACC and
those in the above two cases. A careful examination
reveals that in the above two cases the Lagrangian tra-
jectories not only stay on their own KAM surface, but
also stay at the same level (i.e., fixed z) for the first one
and the meridion (i.e., fixed x) for the second one. In
fact, the Lagrangian trajectories in the unperturbed sys-
tem are closed lines on the respective planes. However,
in the ACC, the Lagrangian trajectories can move along
the KAM surface in the zonal direction with the velocity
u(y) depending on latitude. Nevertheless, no matter how
much these trajectories may be able to wander, they have
to stay on their own KAM tori and cannot intersect each
other. Therefore, the Lagrangian trajectories and their
Lagrangian structure in the zonally symmetric, steady
ACC cannot be chaotic.

The stagnation points are critical in determining the
location of chaotic region and the KAM surfaces. In the
three-dimensional, basin-scale flow, in addition to the
eight stagnation points on each corner of the basin, there
may be an additional four pairs (eight) of stagnation
points: one pair located in the subpolar side on the sur-
face western boundary (x 5 0, z 5 0), the second pair
located in the subtropical gyre on the bottom western
boundary (x 5 0, z 5 2b), the third pair located in the
subtropical gyre on the surface eastern boundary (x 5
2, z 5 0), and the fourth pair located in the subpolar
gyre on the bottom eastern boundary (x 5 2, z 5 2b).
The exact position of each of these stagnation points
depends on the relative magnitude of the buoyancy and
wind-driven flow. The Lagrangian trajectories originat-
ing near a hyperbolic point are likely to be chaotic,
whereas an elliptic point is surrounded by the KAM
surfaces.

e. Possible evidence for the great ocean barrier

Some evidence of the possible existence of the great
ocean barrier may be indicated from tracer distributions
in the North Atlantic Ocean. The ocean barrier to trans-
port and mixing should correspond to a large tracer
gradient due to lack of chaotic transport and mixing.
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Observations show that there is some large tracer gra-
dient within the upper and lower branches in the North
Atlantic Ocean on the south–north section (Fig. 5 of
Reid 1993). These tracers include salinity, oxygen, ni-
trate, phosphate, and silica. Obviously more studies are
needed before we can verify the great ocean barrier
hypothesis. On the other hand, as discussed above the
model has some generic properties of the global and
basin-scale ocean that are not dependent on the partic-
ularity of this model. Therefore, we are hopeful that we
may be able to verify this hypothsis in the future by
using a more realistic ocean model.

f. Predictability of Lagrangian drifter

This study raises a fundamental question about how
accurately we can interpret the (quasi) Lagrangian floats
or drifters data for the real oceanic flow, even though
the present ocean model is far from the reality of world
oceans. There are always limits on how many and how
often drifters can be deployed, and how long one can
monitor them. If we assume that these drifters truly
represent fluid parcels, their trajectories are represen-
tative of the Lagrangian flow pathways. How accurately
may the limited number of drifters and limited moni-
toring time represent the Lagrangian flow pathways, in
general, over the region of interest? On what timescale
may we use the Lagrangian information without prob-
lem? Our results suggest that in a three-dimensional,
steady basin-scale flow field, if the drifters are deployed
in the nonchaotic region, for example, in the ocean great
barrier, the results will be sufficient for describing the
flow field. On the other hand, if a limited number of
drifters is deployed in the strong chaotic region, such
as in the western boundary current, the interpretation
of drifter data is rather complicated due to the chaotic
nature of the trajectories, especially their fate. There-
fore, more studies on how accurately Lagrangian drifter
data really represents the flow field in a region and, for
a given flow field, what are the characteristics and struc-
ture of its Lagrangian trajectories and tracer fields
should be a high priority in physical oceanography.

The predictability of Lagrangian drifter or float can
be measured by the Lyapunov exponent. The timescale
of predictability t can be defined by

1
t 5 ,

l

where l is the Lyapunov exponent defined in (5.1).
Suppose the flow advection timescale is 10 years. Since
the average value of the Lyapunov exponent is only 1
to 2, the predictability timescale will be from 5 to 10
years, which may be longer than drifter monitoring time.
Therefore, for global- and basin-scale flow, this problem
may be less serious in observation. However, it may not
be the case for strong current systems such as the west-
ern boundary current systems, the Gulf Stream, and the
Kuroshio. There the currents may be ten or a hundred

times stronger than the mean current in this model. As
a result, the Lypunov exponent will be increased to ten
or one hundred times. Accordingly, the predictability
timescale of Lagrangian drifter or float in such strong
current system becomes months or even a few days.
This may become a serious problem. How best to sample
drifters or floats and to interpret the drifter and float
data in such systems should be carefully considered in
the light of possible short predictability timescale of the
drifters or floats.

g. Concluding remarks

A word of caution is in order. The real global and
basin-scale ocean circulation has a large spectra of spa-
tial and temporal variability. Three-dimensionality is
certainly an important ingredient of the Lagrangian cha-
os, but time dependence (in particular, nonperiodic time
evolution) certainly may play a crucial role as it does
in two-dimensional ocean flow (e.g., Yang 1996a,b,c).
Almost nothing is known about the time-dependent
three-dimensional global or basin-scale oceanic flows,
nor about the effect of dynamically active coherent
structures on the properties of Lagrangian structure. For
example, what happens to the KAM tori and hence the
great ocean barrier? Will the time dependence and the
dynamically active coherent structures destroy the KAM
invariant surfaces? The dynamical system describing
Lagrangian structure of time-dependent three-dimen-
sional oceanic flow is similar to a Hamiltonian system
with more than two degrees of freedom. For a Hamil-
tonian system, there is a striking difference between the
chaos encountered in systems with two degrees of free-
dom and that encountered in systems with more than
two degrees of freedom. Using topological arguments,
Arnold (1964) showed that, for systems with two de-
grees of freedom, the chaotic layers are interconnected
to form a web that is dense in the phase space. For
initial conditions on the web, chaotic motion is driven
along the layers, leading to a global diffusion not con-
strained by the KAM invariant surfaces. This mecha-
nism is commonly called Arnold diffusion. Our system
is not a Hamiltonian system but shares some properties
of a Hamiltonian system. Will there be Arnold diffusion
like in the Lagrangian structure of the time-dependent
three-dimensional oceanic flow? What are their impli-
cations for the great ocean barrier and the enhanced
transport and mixing? Definitely further studies are
needed to answer these questions and to assess how
much the conclusions reached here have to be modified
when either the time dependence or the dynamically
active coherent structure is taken into account in the
three-dimensional large-scale oceanic flow.

Finally, the present work employed the simplest pos-
sible ocean model in which both the major ocean cir-
culation modes are included. The model is a good first-
order basin-scale model, in particular for the North At-
lantic. We may derive this model from linear dynamics
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of basin-scale ocean physics. But how robust will this
kinematical model based on a three-dimensional steady-
state prescription of the basin-scale basic flow be upon
any small perturbation? This question remains to be
answered. Obviously, this simplest possible ocean mod-
el is far from reality. It is also very desirable to use
more realistic global- and basin-scale models in future
study of the three-dimensional Lagrangian pathways and
structure.
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